We prove the relation between the triangulated categories of graded B-branes on simple singularities and the derived categories of representations of Dynkin quivers. The proof is based on the theory of weighted projective lines by Geigle and Lenzing and Orlov's theorem on the relation between triangulated categories of graded B-branes and the derived category of coherent sheaves.
Introduction
A simple singularity is a quotient singularity of C 2 by a finite subgroup of SL 2 (C). Simple singularities are classified into A n , n = 1, 2, . . ., D n , n = 4, 5, . . ., E 6 , E 7 , and E 8 , and the intersection diagram of the exceptional curves in the crepant resolution of a simple singularity gives the Dynkin diagram of the corresponding type. This fact suggests an intimate relationship between simple singularities and simple Lie algebras.
The construction of simple singularities from the corresponding simple Lie algebras is known after the works of Brieskorn, Grothendieck, and Slodowy (see, e.g., [12] ). The inverse construction of simple Lie algebras from simple singularities has been a problem for some time, and recent development in mathematical physics suggests the following answer, consisting of two steps. The first step is to construct a triangulated category from a simple singularity, and the second step is to construct a Lie algebra from the triangulated category. There are at least two ways to achieve the first step: One is to introduce a symplectic structure on the Milnor fiber of the simple singularity and consider the derived category of the directed Fukaya category [11] , and the other is to consider the triangulated category of graded B-branes [7] . In both of these two ways, one obtains a triangulated category which is equivalent to the bounded derived category D b (Rep ∆) of representations of a Dynkin quiver ∆ of the corresponding type. Here, a Dynkin quiver is a quiver obtained by assigning any orientation to a Dynkin diagram. Then, the theory of Ringel-Hall algebras [10] allows us to construct the Lie algebra from D b (Rep ∆) [9] . This paper concerns the second way of the first step. For a Z-graded ring A, the triangulated category D gr Sg (A) of graded B-branes is defined in [7] as the quotient category D b (gr-A)/D b (grproj-A) of the bounded derived category D b (gr-A) of finitely-generated Z-graded A-modules by the full subcategory D b (grproj-A) consisting of objects isomorphic to bounded complexes of projective modules. See also [4] , [5] , [8] [13] , and [14] . Our main result is: 
Note that SpecR ′ (p) is the simple singularity of the corresponding type when k = C. The proof of Theorem 1 goes as follows: Let
be the quotient category of the abelian category gr-R ′ (p) of finitely-generated Z-graded R ′ (p)-modules by the full subcategory tor-R ′ (p) consisting of torsion modules. Then qgrR ′ (p) is equivalent by Proposition 9 to the category of coherent sheaves on a weighted projective line in the sense of Geigle and Lenzing [2] , whose bounded derived category is known to have a full strong exceptional collection by Theorem 7:
Since R ′ (p) is AS-Gorenstein with the parameter a = 1, there exists a fully faithful functor Φ 0 :
) generated by an exceptional collection (E 1 , . . . , E N ). By the derived Morita theory, this subcategory is equivalent to the bounded derived category of representations of the algebra
which is isomorphic to the path algebra of the quiver ∆(p). 
Admissible subcategories and semiorthogonal decompositions
In this section, we remind the definitions of admissible subcategories, semiorthogonal decompositions and exceptional collections following Orlov [7] . 
Definition 5. Let D be a triangulated category over a field k.
1. An object E of D is exceptional if
2. An ordered set of objects (E 0 , . . . , E n ) is an exceptional collection if all the E i 's are exceptional and
4. An exceptional collection (E 0 , . . . , E n ) is strong if
If a triangulated category D has a full exceptional collection (E 0 , . . . , E n ), D has a semiorthogonal decomposition D = N 1 , . . . , N n , where N p is the full subcategory of D generated by E p . N p is equivalent to the bounded derived category of finite-dimensional vector spaces. We write D = E 0 , . . . , E n in this case.
Weighted projective lines of Geigle and Lenzing
We review the theory of weighted projective lines by Geigle and Lenzing in this section. Let k be a field. For a natural number n ∈ N and a sequence of non-zero natural numbers
be an abelian group of rank 1 with generators x s , s = 0, . . . , n and relations
Let λ = (λ 0 , . . . , λ n ) be n + 1 pairwise distinct elements of the projective line P 1 (k), normalized so that λ 0 = ∞, λ 1 = 0, and λ 2 = 1, and consider the k-algebra This definition is equivalent to the original definition of Geigle and Lenzing by Serre's theorem in [2] , §1.8. Let π : gr-R(p, λ) → qgrR(p, λ) be the natural projection. For M ∈ gr-R(p, λ) and x ∈ L(p), let M( x) be a graded R(p, λ)-module obtained by shifting the grading by x:
For a weight sequence p, define
where 
Apart from the insertions of additional ones in the weight sequence, weight sequences of Dynkin type are classified into the following five cases; (p, q), (2, 2, l), (2, 3, 3) , (2, 3, 4) , (2, 3, 5) . Since there is no choice in the parameter λ in these cases, we write R(p) instead of R(p, λ).
Let gr-R ′ (p) be be the abelian category of finitely-generated Z-graded R ′ (p)-modules, tor-R ′ (p) be its full subcategory consisting of torsion modules, and qgrR ′ (p) be the quotient category gr-R ′ (p)/tor-R ′ (p). Then we have the following: following table: weight 
Triangulated categories of graded B-branes
We review Orlov's theorem on the relation between triangulated categories of graded B-branes and derived categories of coherent sheaves in this section. Let A = i≥0 A i be a noetherian N-graded algebra over a field k, D b (gr-A) be the bounded derived category of finitely-generated Z-graded right A-modules, and D b (grproj-A) be the full subcategory of D b (gr-A) consisting of objects isomorphic to a bounded complex of projective modules. Definition 11. A Z-graded algebra A over a filed k is AS-Gorenstein if A has a finite injective dimension n and
for some integer a which is called the Gorenstein parameter of A.
Here, "AS" stands for "Artin-Schelter". The following theorem is due to Orlov: 
Graded B-branes on simple singularities
For a weight sequence p of Dynkin type, let R ′ (p) be the Z-graded ring defined in (1) . The following Lemma 13 is an adaptation to the graded case of Lemma 2 in Matsumura [6] , §18: Proof. We give the proof for the case of p = (p, q). Other cases are similar. We have
in this case. Then, by applying Lemma 13 for Since E 0 = πR ′ (p) for the full strong exceptional collection (E 0 , E 1 , . . . , E N ) appearing in Theorem 7, the admissible subcategory of D b (qgrR ′ (p)) left orthogonal to πR ′ (p) is equivalent to the triangulated subcategory of D b (qgrR ′ (p)) generated by {E 1 , E 2 , . . . , E N }. By the derived Morita theory (see, e.g., Theorem 6.2 of [1] ), this subcategory is equivalent to the bounded derived category of representations of the algebra
